Introduction and notation
Let S be a finite p-group for some prime p. If S is abelian, it is sometimes convenient to represent the operation in S as addition. If p is odd and S has nilpotence class at most two, then we may define new operations C and OE ; on S under which S becomes a Lie ring, by a construction of R. Baer (below). M. Lazard extended Baer's construction to the case in which p is arbitrary and S has class at most p 1. Furthermore, Lazard established a correspondence (Theorem 4.8 below) between these p-groups and finite nilpotent Lie rings of p-power order and class at most p 1, since one may recover the group operation from the Lie ring operations. (Thus, this Lie ring differs from the more commonly used Lie ring ( [13] , Definition 6.1), which may be defined for any nilpotent group and which may be the same for non-isomorphic groups.)
Lazard's correspondence has many applications ( [13] , Remark 10.29). Unfortunately, examples (below) show that it is generally impossible to extend to a p-group S of class at least p. However, in this paper, we show that one may associate to S a Lie ring that reflects a large part of the structure of S in the case in which S is equal to a product B 1 B 2 : : : B n of normal subgroups of class at most p 1, e.g., normal abelian subgroups. We do this by making a slight change in the definition of the operations. where each of h 1 .a; b/ and h 2 .a; b/ is a product of elements equal to a or b or to a commutator in a and b raised to a rational power (as defined below). However, h 1 and h 2 need not be well defined in a p-group of class at least p. We give below a family of examples in which h 2 .x; y/, but not h 1 .x; y/; is well defined for some pairs of elements x; y. More generally, there are conditions under which h 2 .x; y/, but not h 1 .x; y/; may become well defined by multiplying its product formula by some powers of commutators c r for which the choice of x and y yields c D 1. Therefore, in this paper (in Remark 5.9), we modify the product formula for h 2 .a; b/ in this way to obtain a product h 0 2 .a; b/ that is equal to h 2 .a; b/ for p-groups of class at most p 1, but is also well defined in some other situations. We then let OEa; b be h 0 2 .a; b/ in these situations.
Lazard's correspondence was originally inspired by a correspondence of Mal'cev for infinite nilpotent groups (Theorem 4.6). Although its main applications concern finite p-groups, it is stated in a more general form. Our main results, too, are stated in a more general (and complicated) form in Section 6 of the paper. We also mention some open questions (Remark 6.11 and below).
Our main results are the following (for OEa; b as above): Note that in Theorem B, we associate to S a Lie ring, L.S/, although it may be impossible to make S itself into a Lie ring by Lazard's methods. The elements of L.S/; together with the identity mapping on U, generate an associative subring of E.S/ that contains the inner automorphism group of S as a multiplicative subset (Remark 6.9). The condition that S generate S in Theorem B is used only for the second part of conclusion (iii).
Part (ii) of Theorem A shows that, for each v in U and each N in S, ad v induces a derivation of N , for N regarded as a Lie ring under Lazard's definition. Part (v) of Theorem B generalizes this.
To illustrate our methods, consider the case in which S has class two. For p odd, Baer's construction ( [1] , Theorem B.1) gives 2 D u and .u; v/ is the group commutator u 1 v 1 uv, for all u; v in S. For p D 2, OEx; y is still well defined, but x C y is not, in general. (For groups of larger class, usually OEx; y does not coincide with .x; y/.)
An explanation for our results is that one almost seems to need S (or the subgroup generated by x and y) to have class at most p 1 in order to define x C y, while one needs less to define OEx; y. For example, the original definition of x C y (in [14] , Théorème II.2.4, pp. 155-156) uses a formula for products x t y t (for every integer t) that is a product of factors c i in various terms k i .S/ of the lower central series f k .S/g of S, raised to powers f i .t/ that are polynomials in t with rational coefficients. (Here, k i tends to infinity as i increases.) For the factors c i inside (but not outside) p .S/, the rational coefficients may have denominators divisible by p, so that c f i .t / i may be undefined. This is why we assume that p .S/ D 1 (i.e., S has nilpotence class at most p 1) for the Lazard correspondence. In contrast, the bracket product OEx; y is related to the formula for .x t ; y t /, which may be expressed similarly as a product of powers of extended commutators c
in which the rational coefficients of h i .t/ may have denominators divisible by p only if c i has weight at least p in x or at least p in y. This was shown by T. Easterfield (in Theorem C of [5] ) and is illustrated by the formulas above for Baer's construction.
For example, suppose S has class at most p 1. For a fixed element y of S, define
ı.x/ D .y 1 xy/ C .x 1 / for every x in S.
Define powers of ı by composition and regard S as a Lie algebra over Z=jS jZ. Then (Corollary 6.2) for every x in S, OEx; y D ı.x/ ı 2 .x/=2 C C . 1/ p 2 ı p 1 .x/=.p 1/: (1.1) (Thus, OEx; y D .Log /.x/ for given by .x/ D y 1 xy for all x in S .) It turns out that if S has class greater than p 1, we may define OEx; y by (1.1) if we have the situation of Theorem A (with x in A and y in B).
A special case of our results appears in the Section 5 of [7] . It concerns a p-group S of class p. Here, every element x lies in a normal subgroup N x D hx; S 0 i of class at most p 1, so that L.S/ is isomorphic to the Lazard Lie ring of S=Z.S/ for S D fN x j x in S g.
These results lead to further questions. In the Lazard correspondence, the entire group S becomes a Lie ring. In Theorem B, in effect, we turn each subgroup B in S into a Lie ring and then embed BZ.S/=Z.S/ into the Lie ring L.S/. Then L.S/ is spanned additively by the Lie rings BZ.S/=Z.S/. It would seem preferable to construct an analogous Lie ring in which we embed the Lie rings B, but we do not know whether this is possible. Some other questions are given in Remark 6.11.
It is easy to see that in the original situation of Lazard's correspondence, the elements of order 1 or p in the group S form a Lie subring of S (and thus a subgroup of S). Therefore, Lazard's correspondence cannot be extended to a dihedral group of order 8. Similarly, for any prime p, the Sylow p-subgroup of the symmetric group of degree p 2 (i.e., the wreath product of a group of order p by a group of order p) provides an example of a p-group of class p to which the Lazard correspondence cannot be extended.
This paper relies heavily on the proof of the Mal'cev and Lazard correspondences given in [13] , which uses the free nilpotent associative Q-algebra A of some arbitrary class c: After some preliminary lemmas in Section 2, we devote Sections 3 and 4 to steps in the proof of the Lazard correspondence and to extensions of these steps. In Section 5, we study a quotient algebra A=I d of A. The derivation of our main results from properties of A=I d is analogous to the derivation of the Lazard correspondence from properties of A. Thus, we use Sections 3 and 4 as a basis and as a model for Section 5. Finally, in Section 6, we obtain our main results and some technical results intended for further applications.
Our notation is mainly standard and taken from [9] and [13] . We mention some exceptions and some possibly unfamiliar notation.
Suppose G is a group and H and K are subgroups of G. We write H C K to indicate that H is a normal subgroup of K. For an element x of G, we let x H be the set of all elements x y .D y 1 xy/ as y ranges over H . For elements x and y of G, we let .x; y/ be the commutator x 1 y 1 xy. Here we differ from [9] and [13] , which denote the commutator by OEx; y, because we often need to write OEx; y for the bracket product of x and y given by the Lazard correspondence or by the formula h 0 2 .x; y/ of Remark 5.9.
As in [9] and [13] , we use left-normed commutators, so that .x; y; z/ denotes ..x; y/; z/ for elements x; y; z in a group G, and likewise for .x 1 ; x 2 ; : : : ; x n /. We also let .y; xI 0/ D y and .y; xI n C 1/ D ..y; xI n/; x/ for every positive integer n: For a subset T of G, we let
and define subgroups .T; xI n/ similarly. We adopt analogous notation for bracket products where a Lie ring is involved. Now we take some further definitions and notation from [13] (especially pp. 18 and 121-122) that concern mainly infinite groups.
A group G is torsion-free if the identity is the only element of finite order in G; it is divisible if, for every element h of G and every positive integer n, there exists an nth root of h in G, i.e., an element g in G such that g n D h. Now suppose G is nilpotent, torsion-free, and divisible, and h 2 G. Then ( [13] , Lemma 3.16) for every positive integer n, h has a unique nth root in G. A short argument shows that for every rational number r, there exists a unique element g in G such that
we denote g by h r . Moreover, for all r; s in Q,
Following [13] , p. 18, we call G a Q-powered group. If the operation of G is written additively, we usually write r h or rh for h r .
Conversely, a Q-powered group must be torsion-free and divisible. Thus, a nilpotent group is Q-powered if and only if it is torsion free and divisible. Now let be a set of primes. An integer is said to be a -number if it is a product of powers of primes from (we regard 1 as a -number.) A group G is -divisible if, for every -number k, every element in G has a kth root in G. A group G is -torsion-free if it has no non-identity elements whose orders are -numbers. Let Q be the ring of all rational numbers whose denominators are -numbers. Suppose G is a nilpotent group. If G is -divisible and -torsion-free, then Lemma 10.18 of [13] and our argument above show that for every element h of G and every number r in Q , there exists a unique element g of G (denoted by h r ) such that (1.2) is valid. Moreover, (1.3) is satisfied for all r; s in Q . Thus, G is a Q -powered group, as defined in [13] , pp. 18-19. Since a Q -powered subgroup is obviously -torsion-free and -divisible, we see that a nilpotent group is Q -powered if and only if it is -torsion free and -divisible. In the special case that consists of all primes, then Q D Q, and the properties of being -divisible and -torsion-free coincide with the properties of being divisible and torsion-free.
For a subgroup H of a nilpotent group G, the set of all roots in G of elements from H is denoted by
Likewise, we let
If there is no danger of confusion, we may write p H and p H for G p H and G p H .
Q-powered groups and generalizations
In this section, we prove some preliminary results, mainly about infinite groups. The following elementary result from ( [9] , p. 19) will be useful: ; : : : ; h
As G is -torsion-free and h ¤ 1; h k ¤ 1. Therefore, d .H/ > 1. As H has class at most c, we have d Ä c as desired.
Lemma 2.3. Let be a set of primes and H and K be subgroups of a nilpotent group
Proof. This is part of Theorem 10.19 of [13] .
The remaining results in this section are not necessary for applications to finite groups, except for the easy special cases in which G is finite.
Lemma 2.4. Suppose H and K are subgroups of a nilpotent group
Proof. (a) Here, L is abelian. Take any x in H and y in K, and let k be a -number. We claim that .x; y/ has a kth root in L.
Since K is -divisible, there exists z in K such that z k D y. Since .x; z/ lies in Z.G/, Lemma 2.1 yields
Thus, .x; y/ has a kth root in L, as claimed. Since L is abelian and is generated by elements of the form .x; y/ above, L is -divisible.
Since G is nilpotent, so is M . Let d be the nilpotence class of M , and let
We prove that L is -divisible by induction on r. Part (a) handles the case in which r is 0 or 1. Now assume r 2. Then L is not contained in Z.M /. Take s minimal such that
(This shows that s D 2, as is well known.) Let 
It is easy to see that . S
. Therefore, by (2.1) and a short argument, we have
By (2.3) and the induction hypothesis,
Take any element x of L and any -number k.
Thus, L is -divisible, as desired. 
Assume N > Z. We work toward a contradiction. Since N C G and G is nilpotent,
Since N D p Z, x k 2 Z for some -number k. Since x lies outside Z, and G is generated by -divisible subgroups, some -divisible subgroup H of G does not centralize x. Take y in H such that y does not centralize x. Take z in H such that z k D y. Since x lies in Z 2 .G/, the element .x; y/ lies in Z. Therefore, by Lemma 2.1,
This contradicts the choice of y. Thus, Z is -divisible. (b) We use induction on the nilpotence class of G. For every -divisible subgroup H of G, the group HZ=Z is -divisible. Therefore, by induction, G=Z is -divisible: (2.5)
Take any element x in G and any -number k. By (2.5), there exists y in G such that
Thus, G is -divisible.
Group operations on algebras
In this section, we describe some relations among associative algebras, Lie algebras, and groups, taken mainly from [13] , Chapters 9-10, that are extended in Sections 4 and 5.
All rings and algebras that we discuss will be associative unless otherwise specified. We use the following conditions: (ii) B is an algebra over R with unity element .also denoted by 1/.
(iii) A is a subalgebra .without unity element/ of B over R.
(iv) c is a positive integer.
(v) A is nilpotent of class at most c, i.e., a 1 a 2 : : : a cC1 D 0 for all a 1 ; a 2 ; : : : ; a cC1 in A.
Suppose u is an element of B in Hypothesis 3.1. We define a mapping ad. Then we may define
It is easy to see that .
By a proof similar to the usual proof for real numbers (e.g., by a small change in the proof of Proposition 2.1 of [2]), we have:
We sometimes use the following assumption. Note that, by (iii) in Hypothesis 3.
The following result appears as Lemma 4.5.1 in [3] . Proof. Let E be the ring of all endomorphisms of B as a module over R. Then E is an algebra over R, and E contains the mappings r.u/ and l.u/ on B given by
Clearly, ad.u/ D r.u/ l.u/ and r.u/l.u/ D l.u/r.u/. By Hypothesis 3.1 0 and the Binomial Theorem, 
and similarly e l.u/ .x/ D e u x and .x/ D e ad.u/ .x/ D e u xe u :
Since is conjugation by e u , it is an algebra automorphism, and
In B, let 1 C A be the subset f1 C x j x in Ag. For each x in A, the element 1 C x has a multiplicative inverse because x cC1 D 0 and
Now it is easy to see that 1 C A is a group under multiplication. Note that B becomes a Lie algebra B over R under the bracket multiplication OEu; v D uv vu;
and A becomes a Lie subalgebra A of B . Now suppose also that cŠ is invertible in R. Then, for every u in A, since u cC1 D 0, we see that Exp.u/ and Log.1 C u/ are well defined. Further, u D Log.Exp.u// and 1 C u D Exp.Log.1 C u//, by Lemma 3.2. Therefore, the function Exp from A to 1 C A is a bijection for which Log is the inverse function. Since 1 C A is a group under multiplication, this bijection induces a group operation ? on A, given by
It is easy to see that, under ?, 0 is the identity element and the inverse of an element u is u. For each natural number n, the nth power of an element u under ? is the element nu in A.
For a set of primes, recall that Q consists of all rational numbers that can be expressed in the form m=k, where m and k are integers and every prime divisor of k lies in . For the next result, note that if cŠ is invertible in R, then A may be regarded as an algebra over the ring ZOE1=cŠ obtained by adjoining 1=cŠ to the ring Z of integers. However, ZOE1=cŠ coincides with Q for the set of all primes not exceeding c, since Q is obtained from Z by adjoining 1=p for every such prime p. The formula in the theorem is given as (9.16) in [13] , p. 109; in particular ( [4] , p. 116), it gives
where w is a linear combination over Q of bracket products of weight at least three in u and v.
Recall that for u and v in B,
OEv; uI 0 D v and OEv; uI n C 1 D OEOEv; uI n; u for every positive integer n, and that extended iterated commutators .v; uI n/ in a group are defined similarly. 
ad.u// and ad.u/ D Log and
Moreover,
where u 1 is the inverse of u under ?.
Proof. Lemma 3.3 gives (a), which gives (b).
To prove (c), take v in A and assume cŠ is invertible in R. Then (c) This is an extension of Lemma 6.5 of [8] , but follows from the proof of that lemma.
The Mal'cev and Lazard correspondences
To prove our main results, we need a variation of the Mal'cev and Lazard correspondences. Here, we present part of Khukhro's exposition of these correspondences (Chapters 9 and 10 of [13] , especially Sections 9.1 and 10.1 in pp. 101-104 and 113-121), together with some applications.
Take positive integers c and n such that n 2. (We will later choose n to be 2 or 3, depending on our applications.) Let A be a free associative Q-algebra of nilpotency class c with free (non-commuting) generators x 1 ; : : : ; x n . Then A has a basis consisting of all monomials of the form
˚A c , where A i is the homogeneous component of A of degree i.
The bracket multiplication OEx; y D xy yx defines the structure of the Lie Qalgebra A on the additive group of A; and x 1 ; : : : ; x n generate a Lie ring (Z-algebra) L inside A and a Lie algebra QL over Q. Then L is a free nilpotent Lie ring of class c with free generators x i (and, QL is a similar free nilpotent Lie Q-algebra). Both L and QL are homogeneous with components L k D L \ A k and QL k D QL \ A k and are multihomogeneous with respect to the free generators x i . Recall that certain Lie products of x 1 ; : : : ; x n are called basic Lie products. By Theorem 5.39 of [13] , the additive group of L .respectively, of QL/ has a free Z-basis .respectively, a Q-basis/ consisting of the basic Lie products in (4.1) x 1 ; : : : ; x n of weight at most c.
We adjoin an outer unity 1 to A to form the associative Q-algebra B D A 0˚A , where 1 spans the one-dimensional algebra A 0 . Then every ideal of A is an ideal of B and, as in Section 3, the set
forms a group under multiplication. Moreover, Hypothesis 3.1 is satisfied with R D Q.
Since cŠ is invertible in Q and A is nilpotent of class c, Hypothesis 3.1 0 is satisfied for every element u of A if we take d to be c. Therefore, we may define e u D Exp.u/ and Log.1Cu/ for every u in A, and the function Exp from A to 1CA is a bijection for which Log is the inverse function. This bijection induces a group operation ? on A, given by u ? v D Log.e u e v /
As in [13] , let H.u; v/ D u ? v for all u; v in A. Since (Theorem 3.4) H.u; v/ is a linear combination of u; v; and Lie ring commutators involving u and v with rational coefficients, QL is a subgroup of A under ?. For i D 1; : : : ; n, let y i D e
Then, for each i , y i is a linear combination of powers of x i of degree at least 2. Let F be the multiplicative subgroup of 1CA generated by the elements e x 1 ; : : : ; e x n . For each positive integer k, let A k be the sum
k is an ideal of A and of B. Because we make heavy use of both group commutators and Lie ring commutators, we denote the commutator of two group elements a; b by
unlike [13] , which uses the notation OEa; b for both group commutators and Lie ring commutators. For any group G and positive integer k, we let k .G/ be the kth term of the lower central series of G:
As in [13] , we consider a commutator Ä to be an abstract bracket product of variables that may be all taken from a Lie ring or all taken from a group. In the latter case, we interpret each bracket product OEa; b within Ä to be a group commutator .a; b/. (However, at the end of Section 4 and afterward, we will interpret a bracket product OEa; b of group elements differently.)
Now we quote two important results from [13] . It is easy to see that the group A under the operation ? is a nilpotent Q-powered group in which a power u r is simply the scalar multiple ru. The isomorphism of A under ? onto 1 C A under multiplication shows that 1 C A is a Q-powered group.
Remark 4.3. Let F
? be the set of all roots of elements of F in 1 C A, i.e.,
Then ( [13] . Theorem 9.19 and Corollary 9.22),
F
? is a subgroup of 1 C A, and is a free nilpotent Q-powered group of class c freely generated by the elements e x i .
Therefore, for any nilpotent Q-powered group G of class at most c and elements g 1 ; : : : ; g n of G, there exists a unique homomorphism of F ? into G that maps e x i to g i for each i .
Recall that L is the Lie subring of A generated by x 1 ; : : : ; x n . Theorem 10.4 of [13] . Thus, we may express them as "words" in f 1 and f 2 obtained by taking inverses, products, and rational powers:
Now consider any nilpotent Q-powered group G of class at most c. For any elements u and v of G, there exists a unique homomorphism of F ? into G such that .f 1 / D u and .f 2 / D v, by Remark 4.3. If we evaluate the "words" h 1 and h 2 on u and v in the natural manner, we see that
This allows us to define operations O C and O OE ; O on G by
We also define r u to be u r for r in Q and u in G. Since
we obtain for u; v in G,
Likewise, as 
Similar arguments (some with n D 2 and some with n D 3) show that, under O C and O OE ; O and scalar multiplication as above, G becomes a nilpotent Lie algebra L G over Q with class at most c ( [13] , pp. 116-117). In particular, the identity element of G is the zero element of L G and the inverse of each element u of G is the element
Remark 4.5 gives part of the notation and proof for the Mal'cev correspondence, which is proved in full as Theorem 10.11 in pp. 116-118 of [13] : (For G as in Theorem 4.6 above, we write C and OE ; for the Lie operations instead of O C and O OE ; O when there is no danger of confusion.) Since the ideas in the proof of Theorem 4.6 are used in the proof of the Lazard correspondence and our main results, we have mentioned some of these ideas in Remark 4.5, and we mention some more now.
Returning to the original case in which G is the group F ? D e QL for some n, we obtain ( [13] , p. 114) for all x; y in QL, we see that the Lie Q-algebra L F ? D L e QL on the set F ? is isomorphic to the original Lie Q-algebra QL under the logarithm mapping, which takes e x to x for each x.
The inverse of the logarithm mapping in the previous paragraph is the exponential bijection that takes each element x of QL to the element e x of F ? . We used the exponential mapping earlier to define the group action ? on A and on QL: The definition forces QL under ? to be isomorphic to F ? under multiplication. Similarly, the BCH formula can be applied to define a product u ? v D H.u; v/ for elements u; v in any nilpotent Q-algebra M of class at most c. Moreover, take n D 2 and recall that QL is a free nilpotent Lie Q-algebra of class c with free generators x 1 and x 2 . Then for any u; v and M as above, there is a unique Lie Q-algebra homomorphism that takes x 1 to u and x 2 to v. Clearly,
We may show above that under ?, M satisfies the associative law and is a nilpotent Q-powered group of class at most c (with u r in the group equal to r u in the Lie algebra for r in Q and u in M ) by taking n D 3 and using arguments similar to those in the proof above that L G is a Lie Q-algebra for a suitable group G ( [13] , p. 178). We denote the set M under the group operation by G M . Thus, by (4.7),
Now let us consider the special case in which M is L F ? ,i.e., the set F ? considered as a Lie Q-algebra. We saw in (4.5) and (4.6) that for all e
x , e y in F ? and r in Q, ? . This is a special case of the Mal'cev correspondence. In particular, the functions h 1 and h 2 in the formula (4.4) together give an inversion of the BCH formula by giving a Lie algebra structure on a group.
The derivation of the Mal'cev correspondence by algebraic means above was obtained by M. Lazard, inspired by Mal'cev's orginal work, which used analytic methods ( [14] , p. 104). Lazard then extended the Mal'cev correspondence in the following way.
By Theorem 4.2, F is a free nilpotent group of class c with free generators f 1 ; : : : ; f n . Recall that F is a subgroup of the Q-powered group F ? . For every set of primes , we define
Note that F ? is a Q -powered subgroup. By Lemma 2.2 above and Theorem 10.20 of [13] , we obtain: Theorem 4.7. Let be a set of primes. Then F is a subgroup of F ? , and is the free nilpotent Q -powered group of class c freely generated by f 1 ; : : : ; f n . Now let be the set of all primes not exceeding c and be a set of primes containing . Because the coefficients in the BCH formula (Theorem 3.4) lie in Q (and hence in Q ), the Lie Q -algebra Q L is closed under the group operation ?. By [13] , Theorem 10.22,
Recall from (4.3)
Since
Now we may apply our previous arguments to Q -powered groups and Lie algebras over Q instead of Q-powered groups and Lie algebras over Q. We obtain (Results 10.11 and 10.13 and p. 124 of [13] ) which then gives (c).
powered group of class at most c under multiplication, and
Let S be the set of all basic commutators Ä j D Ä j .x; y/ of weight at least two and at most c in two variables of a group. We order S linearly so that commutators of smaller weight precede those of larger weight. Let be the set of primes not exceeding c.
By Lemma 10.12, Remark 10.15, and p. 124 of [13] , there exist unique elements r j and s j of Q such that, for any elements a, b of a nilpotent Q -powered group of class at most c, Note that h 1 and h 2 may be defined by (4.10) and (4.11) for every Q -powered group, regardless of whether it is nilpotent. Moreover, by p. 116 of [13] , for any positive integer d less than c, the analogous formulas hold with the same exponents, but with the product taken over only those Ä j in S of weight at most d . For such Ä j , the previous paragraph asserts that the exponents r j and s j lie in Q , for being the set of primes not exceeding d .
Note that every Q -powered group is a Q -powered group. By the discussion above, we obtain: Then, for all elements u; v in a Q -powered group G,
Now we obtain a further relation between the group structure and Lie algebra structure. 
Define powers of ı by composition.
where e.i/ D . 1/ iC1 =i, for each i.
Proof. Recall from the proof of Corollary 4.9 that the exponential mapping is a bijection of A ? into 1 C A ? and that the logarithm mapping is the inverse bijection. Therefore, for all g 1 ; g 2 in 1 C A ? and r in Q,
and
Since cŠ is invertible in R, part (c) of Lemma 3.3 applies with c in place of d . Hence .e x / D e .x/ for all x in A ? , and
By (4.12) and (4.14),
We have defined ı on 1 C A ? . We define ı on the set A ? (which is disjoint from
Since ı is an endomorphism of A ? under addition, so are its powers under composition, and (4.15) gives
So, by (4.16),
By (4.12), (4.13), and (4.14), this says
Since L is an injective function from 1 C A ? to A ? , this gives the conclusion.
A new definition for the Lie product OEu; v
In Section 4, we used the free associative Q-algebra A of nilpotency class c on n generators to construct the free nilpotent Q-powered group F ? of class c on n generators, and to obtain the operations C and OE ; for the Mal'cev correspondence. In a similar way, we used a subgroup F of F
? to obtain the Lazard correspondence. In this section, we define an ideal I d of A and a normal subgroup
will play similar roles for defining a "word" h 0 2 .u; v/ for u and v in a Q -powered group (for suitable ). In Section 6, we will show that h 0 2 .u; v/ can be used to extend the definition of the Lie product OEu; v given in the Lazard correspondence to suitable elements in a wider class of groups.
We continue to assume the hypothesis and notation of Section 4. We also let be an arbitrary set of primes, d be a positive integer such that d Ä c, and be the set of all primes p such that p Ä d .
Recall that
; for i D 1; 2; : : : ; n; (5.1)
1 C A is a group under multiplication, and F is the subgroup hf 1 ; f 2 ; : : : ; f n i of 1 C A. For each i D 1; 2; : : : ; n and each positive integer k, let
and let C ik be the Q-subgroup of A spanned by all monomials of degree at least k in x i . It is easy to see that C ik is an ideal of A and of B. Let I d be the Q-subspace of A spanned by all the monomials in x 1 ; : : : ; x d that have degree at least d C 1 in x i for some i .1 Ä i Ä n/. Thus, Remark. Note that since B contains a copy of the rational field Q, every ring ideal of B is a Q-algebra ideal of B. By taking
Proof. (a) Since I is an ideal of B, there is a canonical algebra homomorphism of B onto B=I that induces a group homomorphism of F ? . Then K I is the kernel of this homomorphism and is, therefore, a normal subgroup of F ? .
(b) Recall that the mapping Log is a group isomorphism of 1 C A .under multiplication/ onto A under ?, and Exp is the inverse isomorphism.
From the definition of g r for a rational number r and an element g of a Q-powered group and from (4.6), we obtain Since I is a Q-algebra ideal of B, QL \ I is closed under multiplication from Q. By (5.3), (5.4), and (5.5), QL \ I is a Q-powered group under ? and K I is a Qpowered group under multiplication.
A similar argument shows that the factor groups QL=.QL \ I / under ? and F ? =K I (under multiplication) are isomorphic Q-powered groups.
Suppose 1 Ä i Ä n. Recall that f i D e x i is a polynomial in x i with constant term 1, and that, for every k, C ik is an ideal of A and of B.
Lemma 5.2. Suppose 1 Ä i Ä n, k is a positive integer, g is an element of the set 1 C C ik , and f is an element of the set
Then h 1 lies in C i;kC1 .
Proof. Let u D g 1, and v D h 1. Then u lies in C ik and
Since f 1 lies in C i1 and u lies in C ik , (5.6) shows that fgv lies in C i;kC1 . Since C i;kC1 is an ideal of B and v D g 1 f 1 .fgv/, it follows that v in C i;kC1 , as desired.
Proposition 5.3. Suppose 1 Ä i Ä n, k is a positive integer, and g lies in
Proof. For each positive integer k, let
By Lemma 5.1, K C ik is a normal subgroup of F ? . Hence H k is a normal subgroup of F .
We prove the conclusion by induction on k. By (5.1), f i lies in H 1 . Since N i is the normal closure of f i in F (by (5.2)) and H 1 is normal in F , it follows that H 1 contains N i . This proves the conclusion for k D 1. Now, assume k 1 
Proof. By Theorem 4.7, F is a nilpotent Q -powered, hence -divisible, group. Therefore,
By definition, I d is an ideal of B contained in A. Therefore, (a) follows from Lemma 5.1. In particular,
is also torsion-free and hence -torsion-free. Therefore, by (5.7),
Theorem 5.6. Suppose nd Ä c. Let
Then:
and
(c) F =M has nilpotence class exactly nd .
Proof. Recall from Section 4 that A was defined to be the free non-associative Qalgebra of nilpotency class c with free (non-commuting) generators x 1 ; : : : ; x n . Thus, we can calculate in A by setting every monomial of total degree at least c C 1 to zero. Since c C 1 nd C 1, each such monomial has degree at least d C 1 in x i for some i , and hence lies in I d . Therefore, up to isomorphism; A=I d is independent of the choice of c, as long as c nd . Moreover, the distinct monomials in x 1 ; : : : ; x n having degree at most d in x i for every i D 1; : : : ; n form a basis of A, modulo I d , i.e., map to a (5.8) basis of A=I d in the canonical homomorphism of A onto A=I d .
We defined F just before Theorem 4.7 by
(a) For each i, N i is a normal subgroup of F , and d C1 .N i / is a characteristic subgroup of N i and hence a normal subgroup of F . Therefore, M 0 is normal in F . By (5.9) and Lemma 2.3, 
However, F ? =K d is a Q-powered group by Lemma 5.5, and hence is torsion-free. Consequently,
Take any element h of F that lies outside M 0 . We must show that h lies outside K d , i.e., h 6 Á 1 .mod I d /. By Theorem 4.2, F is a free nilpotent group of class c with free generators f 1 ; : : : ; f n . Therefore, by [10] where j ranges over the set S of all subscripts for which e j ¤ 0 and c j has weight at most d in f i for i D 1; : : : ; n (and hence has total weight at most nd ). Since h lies outside M 0 , the set S is not empty. Let d 0 be the minimal total weight of c j for j ranging over S. Then
We may assume that the basic commutators c j in S are numbered so that, for some positive integer k, Moreover, e j ¤ 0 for every j D 1; : : : ; k. 
e j u j C ; (5.14)
where lies in A d 0 C1 . By (5.13) and (5.14),
However, by (5.8), u 1 ; : : : ; u k are linearly independent modulo .A
Therefore, h 1 does not lie in I d , and h does not lie in K d , as desired. This proves 
and, if n > 2, In the next result, we show that F =.F \ K d / is a "free" group with respect to certain constraints. 
Since H i is a normal subgroup of G of class at most d for each i, H is a subgroup of class at most nd (from Fitting's Theorem in [11] , p. 276, and induction). By Lemma 2.2, H is a Q -powered subgroup of G of nilpotence class at most nd . By Theorem 4.7, F is the free nilpotent Q -powered group of class c freely generated by f 1 ; : : : ; f n . Since nd Ä c, there exists a unique homomorphism of F into H such that .f i / D g i for all i. Furthermore, any homomorphism of F into G that takes f i to g i for all i must take F into H and then (because F D F ? p F by (5.9)) take F into H , and so must coincide with . This proves (a).
Let K be the kernel of . It is easy to see that, for each i, Recall that is the set of all primes p such that p Ä d . 
Define operations C and OE ; on S F ? by the Lazard correspondence. Define a mapping ı on S F ? by
Let L D S For u and v in F ? , takes the "word" h j .u; v/ to the "word" h j . .u/; .v// for j D 1; 2. Thus,
G is a Q -powered group: (5.19) Recall that N 1 D hf
F and x N 1 has nilpotence class at most d:
Take L as in the statement of the theorem. By (5.20) and Lemma 2.3,
Then by (5.19), (5.20) and Lemma 2.2, we obtain (a).
By (a) and the Lazard correspondence, we may define C and OE ; on L by (5.17). Since we used (5.17) to define C and OE ; on the entire group S F ? , we see that L is closed under C and OE ; , which gives (b).
As L is normal in G and is a Q -powered group, L is closed under ı and all of its powers, and 
In addition, the definition of ı on S F ? in this theorem agrees with the definition in Proposition 4.11. Thus, the hypothesis of the proposition is satisfied, and the proposition, (5.21), and part (b) of this theorem give parts (c) and (d) of this theorem.
By (5.17), (5.18), and (c),
which lies in L and thus in G.
, we obtain (e). This completes the proof of the theorem. 
Here, h 0 2 .f 1 ; f 2 / is a "word" in f 1 and f 2 obtained by taking inverses, products, and rational powers g m=k for which k D 1 or k is a product of powers of primes in . Now suppose is any set of primes containing and G is any nilpotent Qpowered group. Assume g 1 and g 2 are elements of G contained in (possibly different) normal subgroups of G having nilpotence class at most d . By Theorem 5.7 (for n D 2), there exists a unique homomorphism of F into G such that 
One may show by a proof similar to that of Theorem 5.6 that h 00 2 .f 1 ; f 2 / is a product of basic commutators in M 0 (and thus in K d / raised to rational powers c r . For each such commutator c, .c/ D 1 by (5.23). The reason that we use the "word" h 0 2 rather than h 2 is that the exponents r in the rational powers c r in h 00 2 may have denominators divisible by primes outside , so that . .c// r may not be defined. Now we adopt the bar notation of Theorem 5.8, so that the natural homomorphism of B onto x B induces an isomorphism S F ' F K d =K d . As F \ K d is contained in the kernel of , it follows that induces a well defined homomorphism from S F to G given by
. N x/ D .x/; for all x in F :
By (5.24) and Theorem 5.8, is the unique homomorphism of S F to G taking N f 1 to g 1 and N f 2 to g 2 , and
Thus, h 0 2 .g 1 ; g 2 / is independent of the original choice of h 0 2 .f 1 ; f 2 /, and we may define unambiguously
In the next section, we will define OEg 1 ; g 2 to be h 
The main results
In this section, we obtain our main results. We continue to assume the hypothesis and notation of Section 4, except that after Theorem 6.1 we no longer need the algebras A and B, since we deal only with groups. However, here we take d to be an arbitrary positive integer and choose c to be 3d . As in Section 5, we let be an arbitrary set of primes and be the set of all primes p such that p Ä d: 
H is endowed with an operation C by the Lazard correspondence,
e.i/ for i D 1; : : : ; d , and
Proof. For every element x and subset T of B, the bar notation of Theorem 5.8 gives
Assume n D 2 and take as in Theorem 5.7. By Theorem 5.7 (b), the kernel of contains F \ K d . Therefore induces a well-defined homomorphism from S F into G given by
is the unique homomorphism of S F taking N f 1 to g 1 and N f 2 to g 2 , and h
This proves (a) and shows that, for g 1 and g 2 as in the hypothesis, h 0 2 .g 1 ; g 2 / is independent of the original choice of h
Since the roles of f 1 and f 2 are symmetric, as are those of g 1 and g 2 , we have
because by (6.1), is the unique homomorphism of S F taking N f 2 to g 2 and N f 1 to g 1 :
However, OE N f 2 ; N f 1 and OE N f 1 ; N f 2 are negatives of each other as Lie ring elements of S F ? : Therefore, by (6.1),
This proves (b). By Lemma 5.10 we obtain (d). Then (e) follows from the Lazard correspondence. Since H is a normal subgroup of G, it is closed under conjugation and under inverses. Hence, (f) follows from (e) and (g) follows from Theorem 5.8 (c).
Now consider the subgroup L of S F given in Theorem 5.8; recall that
Let D be the mapping on S F ? that was denoted by ı in Theorem 5.8:
As L is a Q -powered normal subgroup of S F of class at most d , addition on L is given by the Lazard correspondence by
and L is closed under conjugation and under D, and under taking powers in Q ; likewise for H , with g 2 and ı in place of N f 2 and D. Thus, by (6.2) ,
for all x; y in L. Similarly, for all x in L, 
Clearly, .x r / D . .x// r for all x in L and r in Q . Therefore, by (6.3),
e.i/ ; for i D 1; : : : ; d:
Now (h) and (i) follow from (6.1), (6.2), (6.4), and Theorem 5.8 (c).
To prove part (c), suppose G has nilpotence class at most d . Then we may define C and OE ; on G by the functions h 1 and h 2 in Lazard's correspondence, and (6.1) gives Remark. For (b), recall that the identity element of G is the zero element of any subgroup of G that forms a Lie algebra under the Lazard correspondence.
Proof. Take u 0 and w in G as in (a) and (b). As in Theorem 6.1, let H D G p G 1 : By Theorem 6.1, H is a Q -powered normal subgroup of G of class at most d (so that we may define C and scalar multiplication from Q on H ), and OEx; y (D h 0 2 .x; y/) is well defined and lies in H whenever x lies in G 1 (or H ) and y lies in a normal subgroup of G of class at most d (e.g., G 2 or G 3 ). This shows that the elements u C u 0 ; OEu; v; OEu 0 ; v; and OEw; u are well defined and lie in H , as do the elements OEuCu 0 ; v and OEu; v; w and OEw; u; v. By the symmetry of G 1 ; G 2 and G 3 , the element OEv; w is well defined and lies in a Q -powered normal subgroup of G of class at most d . Therefore, OEv; w; u is well defined and lies in H .
Recall that for x in H and r in Q , the group power h r coincides with the scalar product r h for H considered as a Q -module. Therefore, for g 1 in G 1 and g 2 in G 2 and ı as in Theorem 6.1, part (i) of Theorem 6.1 gives
Since ı is an endomorphism of H under +, this shows that the mapping on H given by x 7 ! OEx; v is a Q -module endomorphism of H . In particular,
OEru; v D rOEu; v and OEu C u 0 ; v D OEu; v C OEu 0 ; v: (6.5)
Next we prove (b). The proof is similar to the proof of the corresponding statement (i.e., the Jacobi identity) for the Lazard correspondence, which we summarized in Remark 4.5. We assume n D 3 and adopt the notation of Theorem 5.8. It is easy to see that the group L in Theorem 5.8 contains OEf i ; f j ; f k whenever fi; j; kg D f1; 2; 3g, and satisfies
By Theorem 5.7, there exists a unique homomorphism of F into G such that
.f 2 / D v; and .f 3 / D w;
and F \ K d is contained in the kernel of : Therefore, induces an homomorphism of S F into G such that
By (5.25) (in Remark 5.9) and its proof, we have whenever fi; j; kg D f1; 2; 3g,
Therefore, (6. To prove (c), assume G 1 and
We apply Theorem 6.1 with g 1 D u and g 2 D v, so that 
Now take an element x in G 1 . Let
Therefore, the elements N x and N x 0 commute. By (6.8), L and M are both -divisible, which forces x L to be Q -powered. Thus, by (6.7), (6.10), and (4.10),
Similarly, by (6.7) and (6.9), ı.x/ D 1 for all x in L. Therefore, ı i .x/ D 1 for all i 2. By Theorem 6.1,
By taking x D u, we obtain (c). 
By (a), OEu 0 ; u r Á .u 0 ; u r / (mod kC1 .G/). By (6.11) and Theorem 6.2 of [13] ,
Therefore, OEu 0 ; u r Á .u 00 ; u r / (mod kC1 .G/), as desired. 
(e) Since L.S/ is spanned by the mappings ad v for all v in U.S/, every Lie commutator in L.S/ of weight at least k is zero, by (c) and the definition of bracket multiplication in E.S/ : Since S generates G, (d) and (e) follow from (6.16). Finally, assume the hypothesis of (f) and define E 0 as in (f). For each element u in each subgroup in S 0 ; .u/ D Exp.ad u/ by (6.17), so that .u/ lies in E 0 . Since these elements u generate H , (6.16) shows that E 0 contains .x/ for every element x of H , including .v/. By (6.17), ad v is equal to Log .v/, and hence lies in E 0 . This proves (f). Remark 6.11. Assume S generates G in Theorem 6.6. Theorem 6.10 shows that one may determine the structure of the inner automorphism group of G, and thus of G=Z.G/, from S and L.S/. We do not know whether one may determine the structure of G. In (f), we do not know whether ad v lies in L.S/:
Assume in addition that S is strictly smaller than N . Then N generates G and we may define E.N / and L.N / as in Theorem 6.6. They act on all the elements of N , including the elements of S. By taking G to be elementary of order p 2 , we can easily see that E.N / need not act faithfully on the set of all elements of S. But we do not know whether L.N / acts faithfully on this set in general. (b) Note that (a) shows that we may define ad x for each x in M and that we may view M as a Lie Q -algebra. Let I D ad M:
From the definitions, M is the smallest Q -powered subgroup of G containing T: Therefore, by the Lazard correspondence, M is generated by T under the Lie algebra operations on M . Hence, by Theorem 6.6, I is likewise generated by ad T , as desired. contains w. Since I 0 is a subalgebra of L.S/, Theorem 6.6 shows that T ? is a subgroup of M that contains w.
Suppose t lies in T ? and u lies in U.S/. We claim that t u lies in T ? . First, by Lemma 10.12 (d) in [13] , the group commutator .t; u/ can be expressed as a sum of OEt; u and Lie ring commutators in t and u of weight at least 3. Therefore, by Theorem 6.6, ad.t; u/ is a sum of OEad u; ad t and other Lie ring commutators in ad t and ad u. 0 contains ad M . Since I 0 is contained in ad M , they are equal.
In some applications of the Lazard correspondence, G is a finite p-group and one seeks a subgroup A ? of G with special properties. Representing G as a Lie algebra helps to find A ? as a subalgebra, and hence as a subgroup (e.g., in [6] , Section 3). If G is instead a product of normal subgroups of class less than p, one cannot generally represent G as a Lie algebra, but one can associate to G a Lie algebra L.S/ as in Theorem 6.6. In this case, a subalgebra may contain elements that are not of the form ad x for x in G, or that may lack other desired properties. The following two results help in this situation. For example, in some cases they show that an abelian subalgebra of L.S/ comes from an abelian subgroup of G:
Recall that G 0 denotes the commutator subgroup of G, Then N 2 Z=Z D p N 1 Z=Z. By Lemma 2.2, N 2 Z=Z has nilpotence class b. By Lemma 6.12 with T D fv g j g 2 Gg; I 2 is an ideal of L.S/ and is the Lie subalgebra of L.S/ generated by the set fad v x j x 2 Gg:
